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We present a simple toy model corresponding to a network of frustrated topological defects of
domain walls or cosmic strings that exist previous to the standard slow-roll inflationary era of the
universe. Such a network (i) can produce a slower inflationary era than that of the standard scenario
if it corresponds to a network of frustrated domain walls or (ii) can induce a vanishing universal
acceleration; i.e., the universe would expand at a constant speed, if it corresponds to a network of
frustrated cosmic strings. Those features are phenomenologically modeled by a Chaplygin gas that
can interpolate between a network of frustrated topological defects and a de Sitter-like or a power-
law inflationary era. We show that this scenario can alleviate the quadruple anomaly of the cosmic
microwave background spectrum. Using the method of the Bogoliubov coefficients, we obtain the
spectrum of the gravitational waves as would be measured today for the whole range of frequencies.
We comment on the possible detection of this spectrum by the planned detectors like BBO and
DECIGO.
PACS numbers: 98.80.Bp, 04.30.-w, 95.36.+x
I. INTRODUCTION
The inflationary scenario explains several cosmological
problems such as the spatial flatness and homogeneity
of the universe, and it predicts an almost scale-invariant
power spectrum of the primordial density perturbation,
which agrees with most of the WMAP observation on
cosmic microwave background (CMB) anisotropy. On
the other hand, there remains some discrepancies be-
tween the standard cosmological model predictions and
the WMAP observations on large angular scales. One of
them is the suppression of the l = 2 quadruple mode of
the CMB temperature power spectrum (c.f. for example
[1]). There have been different approaches to solve this
problem. In Refs [2, 3], it is considered that the slow-
roll inflation was preceded by a fast-roll stage where the
kinetic energy of the scalar field was dominant, which
leads to a suppression of the quadrupole moment. Such
a fast-roll stage can be reached by tuning the initial con-
dition of the inflation, for example. Another way to reach
an early stage of kinetic energy dominance was consid-
ered in Refs. [4, 5] through bounces or cyclic universes
where just before the bounce or the new cycle the kinetic
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energy density of the field dominates over its potential.
Other authors have considered different pre-inflationary
phases of the universe to suppress the primordial power
spectrum at large scales. For example in Refs. [6, 7], a
radiation-dominated pre-inflationary era was considered
and in [8], a pre-inflation matter era provided by primor-
dial micro black hole remnants was introduced.
The CMB quadruple anomaly affects the lowest modes
of the primordial power spectrum; i.e. modes with
comoving wave numbers of the order of 10−3Mpc−1.
Therefore, these are the first modes to exit the hori-
zon and the last ones to reenter. Consequently we ex-
pect that these modes are heavily affected by the physics
of the very early universe, possibly the physics prior to
the slow-roll inflationary era. Based on this reasoning,
we propose a new cosmological period just before the
slow-roll inflationary era. This period corresponds to an
era described by a network of topological defects, which
we will assume to be frustrated domain walls or cosmic
strings [9–13], for the sake of simplicity. We expect that
the production of topological defects at those scales fol-
lows the prediction of high energy physics. In addition,
given that the topological defects era proceeds the slow-
roll inflationary era, the topological networks will affect
mainly the lower modes of the power spectrum of the
scalar and tensorial perturbations. Afterwards, they will
soon be diluted during most of the inflationary era.
There is a simple way to model the ideas previously
mentioned. We consider the matter content of the early
2universe to be described by a kind of generalized Chaply-
gin gas (GCG) [14–18], which offers a smooth transition
between different eras:
• A period dominated by a network of frustrated do-
main walls (NFDW) at earlier time and a de Sitter-
like phase at later time.
• A period dominated by a network of frustrated cos-
mic strings (NFCS) at earlier time and a de Sitter-
like phase at later time.
The idea of an early Chaplygin gas phase in the universe
was first suggested in Ref. [19] (see also [20, 21]) and
later extended in Refs. [22–24]. The energy density of a
network of frustrated topological defects (NFTD) can be
described in a compact way, for example, as
ρ =
(
B1
aβ1(1+α1)
+A1
)1/(1+α1)
, (1.1)
where a is the scale factor, B1 and A1 are constants re-
lated to the energy scale of the NFTD and the de Sitter-
like inflationary era, respectively, α1 and β1 are constants
such that β1 = 1, 2 for the network of domain walls and
cosmic strings, respectively. We assume that 1 + α1 is
positive such that the inflationary era is preceded by
a topological dominance phase. Let us be reminded in
this regard that the energy density of NFDW and NFCS
scales as 1/a and 1/a2, respectively [25]. It is worthy
to stress that the NFTD epoch preceding the slow-roll
inflationary can in principle produce inflation as well;
indeed this is the case for NFDW, but this inflation is
much slower, i.e. much lazier than the slow-roll inflation.
Moreover, for a NFCS dominated period the universe is
increasing its size at a constant speed; i.e. with no ac-
celeration or deceleration. From now on whenever we
refer to a pre-inflationary era, we will be referring to a
pre-slow-roll inflationary era.
This paper is organized as follows: In Sec. II, in or-
der to solve the CMB quadrupole problem, we propose a
NFTD era just before the standard inflationary era. We
model this idea using the framework of matter a` la Chap-
lygin gas during the early universe as a way of interpolat-
ing between a NFTD and a slow-roll inflationary period.
We then explain how to constrain our model observation-
ally. In Sec. III, we briefly review the standard cosmolog-
ical perturbation formalism and obtain numerically the
curvature power spectrum as well as the CMB tempera-
ture anisotropy spectrum for the model presented in Sec.
II. In Sec. IV, we obtain numerically the spectrum of the
gravitational waves for the model introduced in Sec. II
by using the method of the Bogoliubov coefficient [26].
Finally we summarize and conclude in Sec. V.
II. MODEL BUILDING AND PARAMETERS
FIXING
We consider a spatially flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) universe filled with the mat-
ter content described by Eq. (1.1). The energy conserva-
tion gives
ρ˙+ 3H(ρ+ p) = 0, (2.1)
where a dot corresponds to a derivative with respect to
the cosmic time and H stands for the Hubble rate. By
inserting Eq. (1.1) into Eq. (2.1), one obtains the pressure
of the matter content
p =
(
β1
3
− 1
)
ρ− β1
3
A1
ρα1
. (2.2)
In the Planck unit (c = ~ = G = 1), the Friedmann
equation reads
H2 =
κ2
3
ρ, (2.3)
where κ2 ≡ 8piG = 8pi. The conformal time τ can be
expressed as
τ =
√
3
κ
b
c
A
−(b+c)
1
(
B1
A1
)b
yc2F1(c, 1− b, c+ 1, y), (2.4)
where y =
[
1 + (B1/A1) a
−β1(1+α1)
]−1
, b =
1 /[β1 (1 + α1)] , c = (−2 + β1)/[2(1 + α1)β1], and
2F1 is a hypergeometric function [27]. From Eq. (2.4)
we can see that the universe began in NFTD dominated
era in the past infinity, and turned into a de Sitter-like
space, in which a ∝ 1/τ , at later time.
In order to obtain the power spectrum of the gravita-
tional wave as would be measured today, which will be
obtained in section IV, we divide the expansion of the
universe into three successive periods: the pre-inflation
NFTD dominated era, the inflating phase, and the stan-
dard ΛCDM epoch. The energy density of each of these
periods can be modeled as
ρ =


(
B1
aβ1(1+α1)
+A1
)1/(1+α1)
, (2.5a)
(
A2 +
B2
a4(1+α2)
)1/(1+α2)
, (2.5b)
ρr0
(a0
a
)4
+ ρm0
(a0
a
)3
+ ρΛ. (2.5c)
Expression (2.5a) describes the energy density of the
NFTD era, which was introduced in Eq. (1.1), followed by
the de Sitter-like inflating phase. The model described
by Eq. (2.5b) was previously studied within an infla-
tionary framework in Ref. [22] (see also Ref. [18]) and,
under suitable constraints on A2, B2, and α2, can depict
the transition from the de Sitter-like era to the radiation
dominated era. The energy density (2.5c) is the standard
ΛCDM model, in which ρr0, ρm0, and ρΛ are the energy
densities of the radiation, matter, and dark energy to-
day, respectively. As we will show later, the parameters
of the model can be constrained using observational data
corresponding to the present energy density of radiation,
3the scalar power spectrum, and the spectral index at a
given pivot scale. In addition, by requiring that the en-
ergy density is continuous at each transition, we have the
conditions
A1 = A
(1+α1)/(1+α2)
2 , (2.6)
B2 =
(
ρr0a
4
0
)1+α2
. (2.7)
In order to obtain the scalar power spectrum, it is use-
ful to model the matter content in the first two periods of
Eq. (2.5); i.e. those described by Eqs. (2.5a) and (2.5b),
through a scalar field, with the condition that the energy
density and pressure of the scalar field are the same as
that given by Eqs. (2.5a) and (2.5b). The energy density
and pressure of the scalar field are
ρφ =
φ′2
2 a2
+ V (φ), pφ =
φ′2
2 a2
− V (φ), (2.8)
where the primes denote the derivatives with respect to
the conformal time. The scalar field and its potential in
the first period is given by
φ(a) =
1
κ (1 + α1)
√
β1
× ln

−1 +
√
1 + ( aB1/A1 )
β1(1+α1)
1 +
√
1 + ( aB1/A1 )
β1(1+α1)

 , (2.9)
V1(a) =
V0
6

(6− β1)
[
1 +
(
B1/A1
aβ1
)(1+α1)]1/(1+α1)
+β1
[
1 +
(
B1/A1
aβ1
)(1+α1)]−α1/(1+α1)
 ,
(2.10)
where V0 = A
1/(1+α1)
1 . Similarly, the scalar field and
its potential in the second period can be obtained by
replacing α1 with α2 and setting Eq. (2.9) and Eq. (2.10),
which gives
φ(a) =
1
κ (1 + α2)
√
4
× ln

−1 +
√
1 + ( aB2/A2 )
4(1+α2)
1 +
√
1 + ( aB2/A2 )
4(1+α2)

 , (2.11)
V2(a) =
V0
3
{[
1 +
(
B2/A2
a4
)(1+α2)]
1/(1+α2)
+2
[
1 +
(
B2/A2
a4
)(1+α2)]−α2/(1+α2)
 .
(2.12)
We can obtain the potential of the scalar field for the two
periods as functions of the scalar field by substituting the
inverse function of Eq. (2.9) into Eq. (2.10) and similarly
that of Eq. (2.11) into Eq. (2.12), respectively, which
leads to
V1(φ) =
V0
6
{
(6− β1) cosh
[
κ (1 + α1)
√
β1
φ
2
] 2
1+α1
+ β1 cosh
[
κ (1 + α1)
√
β1
φ
2
]−2α1
1+α1
}
, (2.13)
V2(φ) =
V0
3
{
cosh [κ (1 + α2)φ]
2
1+α2
+2 cosh [κ (1 + α2)φ]
−2α2
1+α2
}
. (2.14)
Eq. (2.14) coincides with the potential in Ref. [22], as it
should be. We connect Eq.(2.13) and Eq.(2.14) at φ = 0
so that the potential and its first derivative with respect
to φ are analytically continuous at the connecting point.
The result is shown in Fig. 2.
Next we tackle the issue of analyzing the potentials
(2.13) and (2.14). First of all, we consider that the scalar
field potential (2.13) has a unique minimum at φ = 0 to
maximize the amount of inflation during the first period.
Notice that unless this condition is imposed, the scalar
field might roll down the potential till it reaches the min-
imum of V1(φ) and then would have to climb up to reach
the local maximum located at φ = 0, as shown in Fig. 1.
Imposing that the potential (2.13) has a unique minimum
reached at φ = 0 implies a condition on the parameters
α1 and β1 that
α1 <
6− β1
β1
. (2.15)
Therefore, bearing in mind that (i) β1 = 1, 2 for NFDW
and NFCS, respectively, and (ii) 0 < 1 + α1 so that the
phase of FNTD precedes the inflationary phase, we con-
clude that −1 < α1 < 5 for NFDW and −1 < α1 < 2
for NFCS. We show the shape of the potential V1(φ) for
different cases when the condition (2.15) is fulfilled and
violated in Fig. 1.
In addition, we can constrain our model; i.e. the po-
tentials (2.13) and (2.14), using the methodology used
by one of us in Ref. [22]. More precisely, we can use the
WMAP7 observation of the power spectrum of the co-
moving curvature perturbation, Ps = 2.45×10−9, and the
spectral index, ns = 0.963, at the pivot scale k0 = 0.002
Mpc−1 to fix the parameters in our model [28]. We can as
well impose a bound on the number of e-folds, Nc, since
a given mode exits the horizon until the end of inflation
as done in Ref. [22]. This gives the best-fit values for
α2, V0, and, therefore, A2. Notice that once V0 is fixed,
the parameter A1 is fixed for a given α1 as well, since
V0 = A
1/(1+α1)
1 .
The parameterB1 in Eq. (2.5a) fixes the energy density
of the NFTD, which strongly affects the lowest modes
that exited the horizon around the onset of inflation,
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FIG. 1. The scalar field potential for the NFDW era for dif-
ferent values of α1. The solid curve corresponds to α1=1 and
the dashed curve corresponds to α1=7. It is similar for the
case of NFCS, which we omit for simplicity.
and causes a significant drop on the lowest modes of the
primordial spectrum of the curvature perturbation. Al-
though we expect that the NFTD would affect the lowest
modes, we must make sure that the observed curvature
power spectrum Ps and the spectral index ns at the pivot
scale k0 are recovered. Therefore, we choose the value of
B1 such that Ps and ns correspond to the correct values
at k0, and the amplitude of Ps drops at the scales whose
comoving wave numbers are smaller than k0. Roughly
speaking, the parameter B1 controls the horizontal shift
of the curvature power spectrum.
However, following this procedure, it turns out that
we can not find a set of values for the parameter B1 that
satisfies the constraint on the spectral index. In fact,
in this model B1 turns out to be always smaller than
0.9. The reason of this drawback is the second period
described by Eq. (2.5b), which corresponds to a short
transition from a de Sitter era to a radiation dominated
period. More precisely, the model described by Eq. (2.5)
does not give enough e-folds during the inflationary era.
We show, as an example, in Fig. 2 how the scalar field
rolls too quickly and the radiation dominated phase is
reached too early in the case corresponding to a NFDW.
We therefore suggest an alternative model described
by
ρ =


B1
aβ1
+
(
A2
a(1+β2)
) 1
1+β3
, (2.16a)
(
A2
a1+β2
+
B2
a4(1+β3)
) 1
1+β3
, (2.16b)
ρr0
(a0
a
)
4 + ρm0
(a0
a
)
3 + ρΛ, (2.16c)
where β1 = 1, 2 discriminates the NFDW and the NFCS
as in the former model, and β2, β3, B1, A2, B2 are con-
stants we will explain below. We choose this model for
the second period since it generates an almost flat cur-
vature spectrum for modes larger than the pivot scale
k0 = 0.002 Mpc
−1 and gives enough e-folds during the
power law inflationary period. In addition, the model
-4 -2 0 2 4
Φ
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FIG. 2. The scalar field potential for β1 = 1. The upward
concave curve is V1 (cf. Eq. (2.13)) and the downward convex
curve is V2 (cf. Eq. (2.14)). We can choose φ ≤ 0 for V1 and
φ ≥ 0 for V2 to describe the potential of the scalar field φ.
introduces in a natural way that a NFTD precedes the
power law inflation as (1 + β2)/(1 + β3) < β1 (please see
also the conditions (2.17), (2.18) and (2.19)).
The first period in Eq. (2.16a) describes the matter
content of the universe during a period that transits from
a NFTD dominated phase to a power-law inflationary
era. The parameters B1 and A2 are associated with the
energy scale of the NFTD and the power-law inflation,
respectively. The second period with the energy density
(2.16b) was previously studied within another inflation-
ary framework in Ref. [23]. It connects smoothly a power-
law inflating phase with a radiation dominated universe,
and the constraints on the parameters β2 and β3 are,
1
1 + β2 < 0, (2.17)
1 + β3 < 0, (2.18)
2(1 + β3) < 1 + β2. (2.19)
These constraints imply that (i) there is a power-law in-
flating phase, (ii) the inflationary era precedes the radia-
tion dominated period, and (iii) the null energy condition
is always fulfilled so that there is no super-inflationary
phase. Finally, the energy density described by (2.16c)
corresponds to the ΛCDM model as that described by
Eq. (2.5c).
Although there seems to be many free parameters, they
can be fixed down to only one by the following procedure:
(i) Fix B2 by the current amount of radiation for a given
β3. (ii) Constrain the power-law expansion quantified
by A
(1+β3)/(1+β2)
2 by the WMAP7 data of the curvature
power spectrum Ps and the spectral index ns. Since there
are three parameters (A2, β2 and β3) to be constrained
1 The notation is different from the one used in the work [23]. The
parameters β and α in Ref. [23] are denoted as β2 and β3 here,
respectively.
5by only two conditions (Ps and ns), we are left with the
only one free parameter which we choose to be β3 for
convenience. (iii) Fix B1 such that Ps and ns give the
correct value at the pivot scale k0 and the drop on Ps
just begins at comoving wave numbers smaller than k0.
Again, it is suitable to introduce a scalar field that
mimics the matter content described in Eqs. (2.16a) and
(2.16b); i.e. we describe the dynamics of the model
through a scalar field with a potential whose energy den-
sity and pressure can be obtained from Eq. (2.8). During
the NFTD period (cf. Eq. (2.16a)), the mapping between
the scalar field φ and the perfect fluid of our model leads
to
φ(a) =
√
v coth−1
√
β1
v
−
√
β1 tanh
−1
√
ζ + (1− ζ) v
β1
, (2.20)
V1(a) =
1
6
[(
5 +
β3 − β2
1 + β3
)(
A2
a1+β2
) 1
1+β3
+(6− β1)B1
aβ1
]
, (2.21)
where ζ = [1+(A
1/(1+β3)
2 /B1)a
β1−v]−1, v = (1+β2)/(1+
β3), and V1(φ) stands for the scalar field potential during
this period. Similarly, we map the perfect fluid with the
energy density (cf. Eq. (2.16b)) to the scalar field φ with
a new potential V2(φ) [23]
φ(a) =
1
qκ
[
4 tanh−1
√
1 +
q
4(1 + β3)
1
1 + ξ
− 2
√
ζ coth−1
√
4
ζ
(
1 +
q
4(1 + β3)
1
1 + ξ
)]
,
(2.22)
V2(a) = A
1/(1+β3)
2
(
A2
B2
)−ζ/q
(1 + ξ)1/(1+β3)
ξ−ζ/q
(
1
3
− q
6(1 + β3)
1
1 + ξ
)
,
(2.23)
where ξ = (B2/A2)a
q and q = 1+β2−4(1+β3). The po-
tential (2.23) was previously obtained in Ref. [23]. Such
a potential, with an appropriate initial condition, drives
a power law inflation and mimics a radiation dominated
universe afterwards.
Unlike the previous model described by Eq. (2.9)-
(2.10) and Eq. (2.11)-(2.12), here it is not feasible to
find analytically the inverse functions of Eq. (2.20) and
Eq. (2.22), so we cannot obtain the analytical forms of
the potential as functions of φ. We thus connect the
scalar field potential numerically. V1(a) and V2(a) are
connected at the intersection of the first two periods
(Eq. (2.16a) and Eq. (2.16b)), where the second term
of Eq. (2.16a) dominates over its first term, and the first
FIG. 3. This plot shows the rescaled potentials given in
Eqs. (2.21) and (2.23) versus the scalar field φ. The blue curve
corresponds to the NFCS case. The red curve corresponds to
the NFDW case and V0 = A
1/(1+β3)
2 (A2/B2)
−(1+β2)/(q(1+β3)).
The energy scale of inflation, V0, in our model is about 10
15
GeV for both NFDW and NFCS.
term of Eq. (2.16b) dominates over its second term so
that the potential and its first derivatives with respect
to φ are approximately continuous at the intersection of
the first two periods. It is worthy to notice that an in-
tegration constant appears when we integrate Eq. (2.8)
after mapping it to the energy density and pressure of
a given perfect fluid. Therefore, we can always choose
the constant properly such that the scalar field φ is con-
tinuous at the connecting point. As a result, we can use
the scale factor a as a parametric parameter to plot V1(φ)
and V2(φ), which are shown in Fig. 3 as an example. The
scalar field starts with a negative value and rolls down
the potential as the universe inflates until it reaches the
radiation dominated era.
III. SCALAR PERTURBATIONS
The accelerated expansion of the universe during the
primordial inflationary era converts the initial quantum
fluctuations in the universe into macroscopic cosmologi-
cal perturbations, which leads to the inhomogeneity we
observe nowadays in the CMB [29, 30]. Following the
standard approach, we will use gauge invariant quanti-
ties that involve the metric perturbations and the scalar
field fluctuations [31]. For convenience, we will choose
the comoving curvature perturbation, R, which in addi-
tion is conserved on large scales [32, 33].
We expect that a NFTD in the very early universe and
just before the inflationary era could give the appropriate
corrections to the quadrupole modes of the CMB data as
observed nowadays [28]. We will next quantify the quan-
tum cosmological perturbations during that period and
obtain the power spectrum of the scalar perturbations.
6A. Formalism
The scalar perturbations can be described by introduc-
ing the variable (see, for example, Ref. [34])
u = zR, (3.1)
where z ≡ aφ˙H . The variable u can be decomposed into
Fourier modes, uk, which fulfill the field equation [34]
d2uk
dτ2
+
(
k2 − 1
z
d2z
dτ2
)
uk = 0. (3.2)
The modes uk can be mapped to the spectrum of the
comoving curvature perturbations which reads [34]
2pi2
k3
PR(k) =
|uk|2
z2
. (3.3)
Given that we are dealing with adiabatic perturbations,
the comoving curvature perturbations remain constant
on large scales and consequently we can equate the power
spectrum at the horizon exit with the power spectrum of
the primordial scalar perturbations at the horizon reentry
as observed on the CMB. Therefore, for a given mode k,
the spectrum is evaluated at the horizon exit; i.e. when
k = acrossH , where across stands for the value of the scale
factor when the mode exists the horizon.
B. Numerical Solutions
We next obtain the evolution of the mode function
uk(τ) for each comoving wave number k in order to obtain
the curvature perturbation spectrum. We will tackle this
issue numerically rather than using the standard results
for slow-roll inflation [29, 34, 35], because those condi-
tions are not fulfilled at very early time when the NFTD
is dominant. It is easier to solve Eq. (3.2) numerically by
splitting it into two first order differential equations,{
X ′ = Y
Y ′ = −
(
k2 − z′′z
)
X,
(3.4)
where we have set X = uk.
In addition, we need to impose a set of boundary condi-
tions at the time when the wavelength of a given mode k
is much smaller than the Hubble radius; that is, k ≫ aH .
Those boundary conditions will depend on the specific
NFTD scenario and also on the given scale of the mode,
as we will explain shortly. It is also worthy to stress two
things: (i) the approximation z′′/z ≈ a′′/a holds during
the NFTD dominance and during the power law infla-
tionary era (See Fig. 4 and Fig. 5), and (ii) the analytical
solutions for the power-law inflation [36] can be used as
boundary conditions for the modes with comoving wave
numbers larger than roughly 10−3 Mpc−1 as explained
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FIG. 4. The green dashed curve corresponds to z′′/z and the
black curve corresponds to a′′/a. As can be seen that the ap-
proximation z′′/z ≈ a′′/a holds during the NFDW dominance
and the power law inflationary era.
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FIG. 5. The green dashed curve corresponds to z′′/z and the
black curve corresponds to a′′/a. As can be noticed that the
approximation z′′/z ≈ a′′/a holds during the NFCS domi-
nance and the power law inflationary era.
next. We first remind that the power law solutions for X
and Y read [35]
X(τ) =
√−piτ
2
H
(1)
1
2
−l
(−kτ), (3.5)
Y (τ) =
−√−piτk
2
H
(1)
1
2
−l
(−kτ) + l
2
√
−pi
τ
H
(1)
1
2
−l
(−kτ),
(3.6)
where l is the exponent characterizing the power law ex-
pansion in terms of the conformal time τ ; i.e. a ∝ τ l.
For our model, l = ((1 + β2)/(2(1 + β3))− 1)−1. For
those modes whose k ≥ 10−3Mpc−1, we can start the
numerical integration of Eq. (3.4) during the power-law
inflationary dominated era where the condition k ≫ aH
is still satisfied. However, for scales roughly smaller than
10−3 Mpc−1, we split the boundary conditions imposed
on the NFDW and the NFCS separately. Despite the
general solutions (3.5) and (3.6) are still valid for the
NFTD, the exponent describing the power law expan-
sion, l, depends on the specific characters of the NFTD:
7• During NFDW dominant era, ρ ∼ B1/aβ1 with
β1 = 1, which also implies a power-law expansion
because a(τ) ∝ τ1/(β1/2−1). Thus we can use the
solutions (3.5) and (3.6) as boundary conditions
with l = 1/(β1/2− 1).
• During the NFCS dominant era, ρ ∼ B1/aβ1 with
β1 = 2. Notice that for this value of β1 the expo-
nent l in Eqs. (3.5) and (3.6) is not well-defined, so
we need to fix the initial condition in this case in a
different way. It can be shown from Eq.(2.3) that
a′′/a is a constant if ρ ∝ 1/a2. Therefore, we can
define a new variable k′ ≡
√
k2 − a′′/a and inter-
pret k′ as an effective comoving wave number. The
wave equation (3.2) then becomes
d2uk
dτ2
+ k′2uk = 0, (3.7)
which has two properly normalized linearly inde-
pendent solutions,
uk(τ, k) =
e−ik
′τ
√
2k′
,
eik
′τ
√
2k′
. (3.8)
We choose the exponent with the minus sign be-
cause it reduces to the Minkowski initial condition
[29].
Finally, it is easier to use the scale factor as the inde-
pendent variable in the numerical integration of Eq. (3.4)
instead of the conformal time. The relation between the
conformal time τ and the scale factor a is
τ =
√
3
κ
1
h (β1 − ζ)B1
−1/2
(
B1
A21/(1+β3)
)h
xh
2F1 [h, 1− g, h+ 1;x] , (3.9)
where x = 1 − [1 + (A1/(1+β3)2 /B1)aβ1−ζ ]−1, g = (1 −
1/(2ζ))/(β1 − ζ), and e = (β1/2− 1)/(β1 − ζ).
The resulting curvature power spectra are shown in
Fig. 6 and Fig. 7, corresponding to the NFDW and the
NFCS, respectively. Let us recall that all the parame-
ters used here have been fixed by imposing the obser-
vational constraints in the way stated in Sec. II. For
modes k such that 10−3Mpc−1 < k < 105Mpc−1, we
obtain a constant slope on the logarithmic amplitude of
the curvature perturbation. This is a simple consequence
of the intermediate phase given in Eq.(2.16b) previously
analyzed in Ref. [23], and implies a power-law inflation.
Our new and important result is the drop of PR for the
modes whose k ≤10−3Mpc−1, which is helpful in explain-
ing the quadrupole anomaly through an alternative way
from those used in Refs. [2, 3, 5, 6, 8]. Such a decrease
of PR is a consequence of the NFTD era just before the
inflation.
We calculate the CMB temperature anisotropy spec-
trum by the numerical package CMBFAST [37–39] with
minor modifications to the form of specifying the primor-
dial power spectrum. In the modified version of CMB-
FAST, the primordial power spectrum is fed into the code
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FIG. 6. This plot corresponds to the curvature perturbation
spectrum for the inspired modified GCG model with β1 = 1
(see Eq. (2.16a)), which describes a NFDW dominated era
followed by a power-law inflationary period. We choose β3 =
−1.05. The vertical dashed line corresponds to the pivot scale
k = 0.002 Mpc−1.
as an interpolating function instead of a functional form.
This adjustment is made so that rather than accept-
ing only the nearly-scale-invariant spectrum as its initial
condition, CMBFAST is now compatible with any gen-
eral shape of initial spectrum. This feature is essential
to our case since the primordial spectra obtained from
our scenarios severely deviate from the scale-invariant
form in large scales whose wave numbers are smaller than
10−3Mpc−1.
Fig. 8 shows the CMB spectra generated by the NFTD
scenarios along with the standard inflationary model.
The data of WMAP 7-year observation [28] are also
marked in the plot. It can be seen that the pre-inflation
NFTD era alleviates the quadrupole anomaly of the
CMB. Note that the NFCS has a stronger effect on reduc-
ing the amplitude of the lower modes than the NFDW
does. This is a result of the initial slope and the turn-
around point of the curvature perturbation spectrum in-
duced by NFDW and NFCS as shown in Fig. 6 and 7.
Also note that regarding the lower modes of the CMB, it
is irrelevant that the potentials and the first derivatives
of the scalar field with respect to the cosmic time are
not rigorously continuous at the connecting point. The
reason is that major contributions to the lower modes of
CMB came from the scalar perturbations whose comov-
ing wave numbers are about 10−5 to 10−3Mpc−1. These
modes had already exited the Hubble radius during the
first period so that the power spectrum in this regime is
obtained without the need to integrate across the con-
necting point.
IV. TENSOR PERTURBATION
As it is well known within the inflationary paradigm,
aside from the scalar perturbations, there are also ten-
sorial perturbations which give rise to a stochastic back-
ground of gravitational waves generated from the vacuum
quantum fluctuations during the inflationary era. If the
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FIG. 7. This plot corresponds to the curvature perturba-
tion spectrum for the modified GCG model with β1 = 2
(see Eq. (2.16a)), which describes a NFCS dominated era
followed by a power-law inflationary period. We choose
β3 = −1.05. The vertical dashed line corresponds to the
pivot scale k = 0.002 Mpc−1.
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FIG. 8. The CMB temperature anisotropy spectrum. The
dots with error bars are the WMAP 7-year data. The solid
line is the prediction of standard inflation with a power law
spectrum. The dashed and dotted lines are the spectra of the
scenarios of NFCS and NFDW, respectively.
stochastic background of GWs of cosmological origin is
ever detected (hopefully on the next decades [40, 41]), it
will provide an amazing amount of information and ad-
ditional probes about the very early universe. We next
obtain the GWs power spectra predicted by the model
described in Eq. (2.16). Our analysis will be based on
the method of the Bogoliubov coefficients and this study
is motivated by the fact that we hope the detection of
the GWs power spectrum can throw some light on the
physics of the early universe, as we have already men-
tioned.
A. Formalism
The gravitational waves energy density is given by [42]
ρGW =
∫
〈Nk(τ)〉 (2~ω) ω
2
2pi2c3
dω, (4.1)
where 〈Nk(τ)〉 is the number of gravitons created for a
given mode k in a different vacuum state as the universe
expands. Then the dimensionless relative logarithmic en-
ergy spectrum ΩGW at the present time τ0 can be defined
as [42]
ΩGW(ω, τ0) ≡ 1
ρc(τ0)
dρGW
d lnω
(τ0)
=
~κ2
3pi2c5H2(τ0)
ω4 〈Nk(τ0)〉2 . (4.2)
We will use the method of the Bogoliubov coefficients to
obtain the number of gravitons created as the universe
expands [26].
The tensor perturbation hij can be decomposed into
Fourier modes ξk which obey:
d2ξk
dτ2
+
(
k2 − 1
a
d2a
dτ2
)
ξk = 0. (4.3)
The initial vacuum state changes as the universe ex-
pands. This change can be described through a Bogoli-
ubov transformation:
a(k) = αkA(k) + βkA
†(−k), (4.4)
where αk and βk are the Bogoliubov coefficients. In par-
ticular, the coefficient βk gives the number of gravitons
created for each mode k; i.e. 〈Nk(τ)〉 = |βk(τ)|. Given
that the universe was initially in a vacuum state, we im-
pose the initial conditions that αk = 1 and βk = 0, which
corresponds to the absence of gravitons at the beginning.
In addition, A and A† correspond to the annihilation and
creation operators of the gravitons.
B. Numerical Solutions
The evolution equation for the Bogoliubov coefficients
can be simplified through the substitutions [26]
αk(τ) =
X(k; τ) + Y (k; τ)
2ξk(τ)
, (4.5)
βk(τ) =
X(k; τ)− Y (k; τ)
2ξ∗k(τ)
, (4.6)
where ξk is the appropriate boundary condition chosen
for a given mode k. A discussion parallel to that given
in Sec. III follows:
• For the modes with comoving wave numbers
roughly smaller than 10−3 Mpc−1, the integration
starts during the NFTD dominated era where the
condition k ≫ aH is satisfied and where the mode
is well inside the horizon. Therefore, we can just
use the Minkowski initial condition [29]
ξk → e
ikτ
√
2k
(4.7)
for the NFDW period. For the NFCS, we use the
initial condition given in Eq. (3.8).
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FIG. 9. The integration for a given mode k. The dashed curve
corresponds to (aH)2 and the solid curve corresponds to a′′/a
for a modified β1 = 1 GCG model. The horizontal red line
shown in the figure corresponds to the pivot scale k = 0.002
Mpc−1, and the horizontal dashed blue line corresponds to
the intersection of the first two periods.
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FIG. 10. The integration for a given mode k. The dashed
curve corresponds to (aH)2 and the solid curve corresponds
to a′′/a for a modified β1 = 2 GCG model. The horizontal
red line shown in the figure corresponds to the pivot scale k =
0.002 Mpc−1, and the horizontal dashed blue line corresponds
to the intersection of the first two periods.
• For the modes with comoving wave number roughly
larger than 10−3 Mpc−1, we can start the integra-
tion during the power-law inflationary dominated
era where the condition k ≫ aH is satisfied and
where the mode is well inside the horizon. Thus
we can also use the Minkowski initial condition in
Eq. (4.7).
By substituting Eqs. (4.5)-(4.6) into Eq. (4.3) and us-
ing the initial conditions of ξk chosen above, Eq. (4.3)
can be simplified to a set of first order linear differential
equations of the variables X and Y [26]{
Y = ikX
′,
X ′′ +
(
k2 − a′′a
)
X = 0.
(4.8)
After integrating Eq. (4.8), we use Eq. (4.6) to obtain
the number of gravitons created till the present time τ0
〈Nk(τ)〉 = |βk(τ0)| = |X − Y |
2
1√
ξ∗νξν
|τ=τ0. (4.9)
The integration method can be read from Fig. 9 and
Fig. 10 for NFDW and NFCS, respectively. For a given
mode k, we start the integration at the time when the
scale factor a is a thousandth of the scale where the mode
exits the horizon; i.e. astart = 0.001across1. The integra-
tion ends at the time when the scale factor a is thousand
times of the scale where the mode reenters the horizon;
i.e. aend = 1000across2. The reason for stopping our nu-
merical calculations after the modes are well inside the
horizon and not continuing the numerics till the present
time is the following: once a mode is inside the horizon,
the mode begins to oscillate and the number of gravi-
tons created will not change anymore. Therefore, we can
save a lot of computational time with this methodology
[22]. The resulting spectra are shown in Fig. 11 and Fig.
12. The frequencies range approximately from 10−17 to
100 Hz, and the dimensionless relative logarithmic energy
spectrum of the GWs falls approximately between 10−14
and 10−16. This result fulfills the current observational
upper limits (all solid curves for various gravitational-
wave detectors) shown in Fig. 2 of Ref. [40]. The gravita-
tional waves predicted in our model could be detected in
future experiments by some planned detectors like BBO
and DECIGO whose sensitivities are shown in Fig. 6 of
Ref. [41]. It was shown in Ref. [23] (see also Ref. [22])
that only large frequencies are sensitive to the slow-roll
regime controlled by the parameter β3. For those fre-
quencies, a larger β3 gives rise to a higher maximum of
the potential a′′/a, a fact that translates into a shift of
the power spectrum of the GWs towards the right. For
middle frequencies, the plateau of the spectrum merges
for different β3 since the energy scale of inflation is al-
most fixed and independent of the values acquired by β3.
Similarly, we have shown that for low frequencies, the
spectrum merges since the energy scale of the NFTD is
almost indifferent to the changes of the parameter β3.
V. SUMMARY
The goal of this paper is to propose a possible solution
to the low quadruple of the CMB which is based on a
NFTD period just before the slow-roll inflationary era.
The NFTD can be of two kinds: (i) a NFDW implying a
slower inflationary rate than that implied by the standard
slow-roll inflation, or (ii) a NFCS describing a universe
sitting on the border line between acceleration and de-
celeration. We model such a matter content for the very
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FIG. 11. This plot corresponds to the gravitational wave spec-
trum for the inspired modified GCG model with β1 = 1 (see
Eq. (2.16a)), which describes a NFDW dominated era fol-
lowed by a power-law inflationary period with β3 = −1.05.
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FIG. 12. This plot corresponds to the gravitational wave spec-
trum for the inspired modified GCG model with β1 = 2 (see
Eq. (2.16a)), which describes a NFCS dominated era followed
by a power-law inflationary period with β3 = −1.05.
early universe as a kind of a generalized Chaplygin gas
described by Eq. (2.16) (see also Eq. (1.1)), which gives
a smooth transition from a NFTD dominated era to a de
Sitter-like phase or a power-law inflationary era. We con-
strain our model using the WMAP7 data for the power
spectrum of the scalar perturbations, Ps = 2.45 × 10−9,
and the spectral index, ns = 0.963, at the pivot scale,
k0 = 0.002 Mpc
−1 [28]. After fixing the parameters of
the model and imposing suitable boundary conditions for
the perturbations, we obtain the curvature power spectra
for the cases of a NFDW and a NFCS, as shown in Figs. 6
and 7. The most important feature of the spectrum is the
drop of the power starting from k0 ∼ 0.002 Mpc−1. The
reason behind this drop is the high energy effects of the
NFTD on the lowest modes. Therefore, this mechanism
can alleviate the observed low CMB quadrupole mode
[2, 3, 6–8], as shown in Fig. 8. Besides, we obtain the
power spectra of the gravitational wave predicted by our
model, which are consistent with the tensor-to-scalar ra-
tio of the current observation [40, 41]. The regime of fre-
quencies roughly larger than 10−5 Hz is within the reach
of planned detectors such as BBO and DECIGO. Those
frequencies are sensitive to the only degree of freedom of
our model described by the parameter β3. As a result,
β3 could be constrained by the projected sensitivities of
BBO and DECIGO.
In summary, even though the model presented here
could be seen as an over simplified toy model, it can give
a guiding light towards a more consistent picture of a
topological defect era prior to the slow-roll inflationary
one, which could alleviate the observed CMB anomalies
such as the suppression of the l = 2 quadruple mode of
the CMB.
ACKNOWLEDGMENTS
The work of M.B.L. was supported by the Spanish
Agency “Consejo Superior de Investigaciones Cient´ıficas”
through JAEDOC064 and the Basque Foundation for
Science IKERBASQUE. She also wishes to acknowl-
edge the hospitality of LeCosPA Center at the Na-
tional Taiwan University during the completion of
part of this work and the support of the Portuguese
Agency “Fundac¸a˜o para a Cieˆncia e Tecnologia” through
PTDC/FIS/111032/2009. P.C., Y.C.H. and Y. H. L.
are supported by Taiwan National Science Council under
Project No. NSC 97-2112-M-002-026-MY3 and by Tai-
wans National Center for Theoretical Sciences (NCTS).
P.C. is in addition supported by US Department of En-
ergy under Contract No. DE-AC03-76SF00515. This
work has been supported by a Spanish-Taiwanese Inter-
change Program with reference 2011TW0010 (Spain) and
NSC 101-2923-M-002-006-MY3 (Taiwan).
[1] K. T. Inoue, 2007, http://www.rist.kindai.ac.jp/no.19/
inoue.pdf.
[2] C. R. Contaldi, M. Peloso, L. Kofman and A. D. Linde,
JCAP 0307, 002 (2003) [astro-ph/0303636].
[3] D. Boyanovsky, H. J. de Vega and N. G. Sanchez, Phys.
Rev. D 74, 123007 (2006) [astro-ph/0607487].
[4] Y. -S. Piao, B. Feng and X. -m. Zhang, Phys. Rev. D 69,
103520 (2004) [hep-th/0310206].
[5] Y. -S. Piao, Phys. Rev. D 71, 087301 (2005)
[astro-ph/0502343].
[6] B. A. Powell and W. H. Kinney, Phys. Rev. D 76, 063512
(2007) [astro-ph/0612006].
11
[7] I-C. Wang and K. -W. Ng, Phys. Rev. D 77, 083501
(2008) [arXiv:0704.2095 [astro-ph]].
[8] F. Scardigli, C. Gruber and P. Chen, Phys. Rev. D 83,
063507 (2011) [arXiv:1009.0882 [gr-qc]].
[9] M. Bucher and D. N. Spergel, Phys. Rev. D 60, 043505
(1999) [astro-ph/9812022].
[10] R. A. Battye, M. Bucher and D. Spergel,
astro-ph/9908047.
[11] D. Spergel and U. -L. Pen, Astrophys. J. 491, L67 (1997)
[astro-ph/9611198].
[12] M. Bouhmadi-Lo´pez, P. F. Gonza´lez-Dı´az and A. Zhuk,
Class. Quant. Grav. 19, 4863 (2002) [hep-th/0208226].
[13] M. Bouhmadi-Lo´pez, P. F. Gonza´lez-Dı´az and A. Zhuk,
Grav. Cosmol. 8, 285 (2002) [hep-th/0207170].
[14] A. Y. .Kamenshchik, U. Moschella and V. Pasquier,
Phys. Lett. B 511, 265 (2001) [gr-qc/0103004].
[15] N. Bilic´, G. B. Tupper and R. D. Viollier, Phys. Lett. B
535, 17 (2002) [astro-ph/0111325].
[16] M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D
66, 043507 (2002) [gr-qc/0202064].
[17] M. Bouhmadi-Lo´pez and J. A. Jime´nez Madrid, JCAP
0505, 005 (2005) [astro-ph/0404540].
[18] L. P. Chimento and R. Lazkoz, Class. Quant. Grav. 23,
3195 (2006) [astro-ph/0505254].
[19] M. Bouhmadi-Lo´pez and P. Vargas Moniz, Phys. Rev. D
71, 063521 (2005) [gr-qc/0404111]; M. Bouhmadi-Lo´pez
and P. Vargas Moniz, AIP Conf. Proc. 736, 188 (2005).
[20] O. Bertolami and V. Duvvuri, Phys. Lett. B 640, 121
(2006) [astro-ph/0603366].
[21] M. Bouhmadi-Lo´pez, C. Kiefer, B. Sandho¨fer and
P. V. Moniz, Phys. Rev. D 79, 124035 (2009)
[arXiv:0905.2421 [gr-qc]].
[22] M. Bouhmadi-Lo´pez, P. Fraza˜o and A. B. Henriques,
Phys. Rev. D 81, 063504 (2010) [arXiv:0910.5134 [astro-
ph.CO]]; ibid, arXiv:1002.4785 [astro-ph.CO].
[23] M. Bouhmadi-Lo´pez, P. Chen and Y. -W. Liu, Phys. Rev.
D 84, 023505 (2011) [arXiv:1104.0676 [astro-ph.CO]];
ibid, AIP Conf. Proc. 1458, 327 (2011) [arXiv:1203.2097
[astro-ph.CO]].
[24] M. Bouhmadi-Lo´pez, J. Morais and A. B. Henriques,
arXiv:1210.1761 [astro-ph.CO]; ibid, arXiv:1302.2038
[astro-ph.CO].
[25] A. Vilenkin and E.P.S. Shellard Cosmic Strings and
Other Topological Defects (Cambridge University Press,
2000).
[26] R. G. Moorhouse, A. B. Henriques and L. E. Mendes,
Phys. Rev. D 50, 2600 (1994).
[27] I. S. Gradshteyn and I. Rhyzik, Tables of Integrals, Series
and Products (Academic Press, 1994).
[28] E. Komatsu et al. [WMAP Collaboration], Astrophys. J.
Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]].
[29] D. Langlois, Lect. Notes Phys. 800, 1 (2010)
[arXiv:1001.5259 [astro-ph.CO]].
[30] V. F. Mukhanov, H. A. Feldman and R. H. Branden-
berger, Phys. Rept. 215, 203 (1992).
[31] A. R. Liddle and D. H. Lyth Cosmological Inflation
and Large-Scale Structure (Cambridge University Press,
2000).
[32] D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle,
Phys. Rev. D 62, 043527 (2000) [astro-ph/0003278].
[33] D. H. Lyth and D. Wands, Phys. Rev. D 68, 103515
(2003) [astro-ph/0306498].
[34] B. A. Bassett, S. Tsujikawa and D. Wands, Rev. Mod.
Phys. 78, 537 (2006) [astro-ph/0507632].
[35] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland,
T. Barreiro and M. Abney, Rev. Mod. Phys. 69, 373
(1997) [astro-ph/9508078].
[36] P. M. Sa´ and A. B. Henriques, Gen. Rel. Grav. 41, 2345
(2009) [arXiv:0804.3278 [astro-ph]].
[37] U. Seljak and M. Zaldarriaga, Astrophys. J. 469, 437
(1996) [astro-ph/9603033].
[38] M. Zaldarriaga, U. Seljak, and E. Bertschinger, Astro-
phys. J. 494, 491 (1998).
[39] M. Zaldarriaga and U. Seljak, Astrophys. J. Suppl. Ser.
129, 431 (2000).
[40] T. L. Smith, M. Kamionkowski and A. Cooray, Phys.
Rev. D 73, 023504 (2006) [astro-ph/0506422].
[41] M. Kawasaki, K. ’i. Saikawa and N. Takeda,
arXiv:1208.4160 [astro-ph.CO].
[42] P. M. Sa´ and A. B. Henriques, Phys. Rev. D 77, 064002
(2008) [arXiv:0712.2697 [astro-ph]].
